% a few examples used for MS

Complete results of some of the examples presented and one example of a non-defective matrix are
presented. These include the outputs of the command window as well.



A=[4 1 3;1 1 1;-5 -2 -4]; gen_eigenvector_completef_simple(A)

Fundamental Matrix X

[ -exp(t), 3*t + 1/2, t - 1/2]
L 0, (3*t)/2 + 1, t/2]
[ exp(t), -(9*t)/2, 1 - (3*t)/2]

Matrix Exponential

[ 2%t + 2%*exp(t) - 1, 2*t - exp(t) + 1, 2*t + exp(t) - 1]
L t, t+ 1, t]
[ 2 - 2*exp(t) - 3*t, exp(t) - 3*t - 1, 2 - exp(t) - 3*t]

Matrix Exponential directly from Matlab expm(A*t)

[ 2*t + 2*exp(t) - 1, 2*t - exp(t) + 1, 2*t + exp(t) - 1]
L t, t+1, t]
[ 2 - 2*%exp(t) - 3*t, exp(t) - 3*t - 1, 2 - exp(t) - 3*t]

Matrix Exponential using inverse Laplace

[ 2%t + 2*exp(t) - 1, 2*t - exp(t) + 1, 2*t + exp(t) - 1]
[ t, t+1, t]
[ 2 - 2*%exp(t) - 3*t, exp(t) - 3*t - 1, 2 - exp(t) - 3*t]



Eigenvalues, eigenvectors, generalized eigenvectors, fundamental matrix
and matrix exponential of a square matrix A of size [n x n]

= Matrix not defective
Eigenvalues/vectors: Ay, vy As, v o5 A, U
Solution set: ), = ﬂhtl-‘k._ k=121
= Matrix defective: An example with two distinct eigenvectors
Eigenvalues & distinct eigenvectors (two): A, v & Ao, vs
Eigenvalue (As, algebraic nultiplicity of m =n — 2, n = 3)
generalized eigenvectors: vg, vy, -- -, Uy
Solution set with distinet eigenvectors: ¢, = ve™t, k=1.2
Solution set with ecigenvalue Asg :
x; = [I, 4+ (A = ML) + -+ + [D(m)] ™ YA = A L) o

i=3---nm=n-—2

Mat
,iﬁ

= Fundamental Matrix of A: X(#) = [z(¢), z2(t), - -,z (t)]

X (#)[X 1(0)], eigenvectors /values
= Matrix Exponential ¢’ = { L7 '[(sI, — A)"']. inverse Laplace
expm(At), directly in Matlab



Eigenvalues and Eigenvectors

Input Matrix [A] Eigenvalues (A) Eigenvectors (v)

4 1 3 [ — f -1
1 1 1 [ -3 0
-5 =2 —4 1 1 1

Eigenvalues (3) & Eigenvectors {2) = Matrix DEFECTIVE

Algebraic multiplicity {p) of the eigenvalue A = geometric multiplicity (m)
Generalized eigenvectors required!

Generalized elgenvectors are solutions of [ (A — AL ) v =10

Unique Algebraic Geometric Eigenvectors &

A

mult. (p) mult. (m) Generalized eigenvectors
1 L 1
"‘2 1 0 1 0
1 0 1
A=1 Col. # 1: Eigenvector
A=lip=2 Col. # 2, 3: Generalized Eigenvectors



Fundamental Matrix X(t) of A

Fundamental Matrix of A: X(t) = [z (¢), z2(t), - - -,z ()]

. 1 1
el Jt+: t—3

Gt 1 i
0 S+l 3
ot 0t Pt
e ER



Verification using Matrix Exponential: ™
et Eigenvalues and eigenvectors (E, )

242 —1 22— L1 2tLe—1
t t+1 t
22 3t & —Ft—1 2—e" —3¢

e™: Inverse Laplace (E| )

2t4+2e —1 2¢t—e"+1 2¢+e —1
t t+1 t
223t & —F3t—1 2—e" —3¢

e Matlab (E,,)

242" —1 22— L1 2iLe -1
t it +1 t
22" 3t & —Ft—1 2—e" —3¢

FrooF: E,, -E 500 ProoF: E, -E 500
rooF: - 2 000 rook: - P00 0
ot 0oo Lo 000



Eigenvalues and Eigenvectors (SUMMARY)

413
Input Matrix A 111
-5-2-4
0 067 1
Eigenvalues 0 Eigenvectors 033 0
1 1 1

Eigenvalues (3) & Eigenvectors (2) = Matrix DEFECTIVE:
Generalized eigenvectors required!

Eigenvectors & _g IJ.15 _DI'JE
Generalized
eigenvectors 1 0 1
Algebraic multiplicity {p) of the eigenvalue A = geometric multiplicity {m)
=+ Generalized Eigenvectors are solutions of | (A4 — AL )" v =10
A=1 Col. # 1: Eigenvector
A=0:p=2

Col. # 2, 3: Generalized Eigenvectors



A=[2,-1,0,1;0,2,1,-1;0,0,3,2;0,0,0,3];gen_eigenvector_completef _simple(A)

Fundamental Matrix X

[ exp(2*t), -t*exp(2*t),

L 0, exp(2*t),
L 0, 0,
L 0, 0,

Matrix Exponential
[ exp(2*t), -t*exp(2*t),

L 0, exp(2*t),
L 0, 0,
L 0, 0,

-exp(3*t), -2*exp(3*t)*(t - 3)]
exp(3*t), expB*)*(2*t - 3)]
exp(3*t), 2*t*exp(3*t)]

0, exp(3*t)]

exp(2*t)*(t - exp(t) + 1), -exp(*t)*(3*t - 6*exp(t) + 2*t*exp(t) + 6)]

exp(2*t)*(exp(t) - 1), exp(2*t)*(2*t*exp(t) - 3*exp(t) + 3)]
exp(3*t), 2*t*exp(3*t)]
0, exp(3*t)]

Matrix Exponential directly from Matlab expm(A*t)

[ exp(2*t), -t*exp(2*t),

L 0, exp(2*t),
L 0, 0,
L 0, 0,

Matrix Exponential using
[ exp(2*t), -t*exp(2*t),

L 0, exp(2*t),
L 0, 0,
L 0, 0,

exp(2*t)*(t - exp(t) + 1), -exp(2*t)*(3*t - 6*exp(t) + 2*t*exp(t) + 6)]

exp(2*t)*(exp(t) - 1), exp(2*t)*(2*t*exp(t) - 3*exp(t) + 3)]
exp(3*t), 2*t*exp(3*t)]
0, exp(3*t)]

inverse Laplace
exp(2*t)*(t - exp(t) + 1), -exp(2*)*(3*t - 6 exp(t) + 2*t*exp(t) + 6)]

exp(2*t)*(exp(t) - 1), exp(2*t)*(2*t*exp(t) - 3*exp(t) + 3)]
exp(3*t), 2*t*exp(3*t)]
o, exp(3*D)]



Eigenvalues, eigenvectors, generalized eigenvectors, fundamental matrix
and matrix exponential of a square matrix A of size [n x n]

= Matrix not defective
Eigenvalues/vectors: Ay, vy As, v o5 A, U
Solution set: ), = ﬂhtl-‘k._ k=121
= Matrix defective: An example with two distinct eigenvectors
Eigenvalues & distinct eigenvectors (two): A, v & Ao, vs
Eigenvalue (As, algebraic nultiplicity of m =n — 2, n = 3)
generalized eigenvectors: vg, vy, -- -, Uy
Solution set with distinet eigenvectors: ¢, = ve™t, k=1.2
Solution set with ecigenvalue Asg :
x; = [I, 4+ (A = ML) + -+ + [D(m)] ™ YA = A L) o

i=3---nm=n-—2

Mat
,iﬁ

= Fundamental Matrix of A: X(#) = [z(¢), z2(t), - -,z (t)]

X (#)[X 1(0)], eigenvectors /values
= Matrix Exponential ¢’ = { L7 '[(sI, — A)"']. inverse Laplace
expm(At), directly in Matlab



Eigenvalues and Eigenvectors

Input Matrix [A] Eigenvalues (A) Eigenvectors (v)
2 -1 0 1 2 1 -1
n z 1 -1 2 n 1
o o 3 2 4 n 1
oo o 4 n o

Eigenvalues (4) & Eigenvectors {2) = Matrix DEFECTIVE

Algebraic multiplicity (p) of the eigenvalue A = geometric multiplicity (m)
Generalized eigenvectors required!

Generalized elgenvectors are solutions of [ (A — AL ) v =10

Unique Algebraic Geometric Generalized eigenvectors (all)

A mult. {p) mult. {m)
1 0 1 6
9 9 1 0o 1 1 3
3 2 1 0 0 1 ()
0 0 0 1
A=Zip=2, m=1
A=dip=2, m=1

10



Fundamental Matrix X(t) of A

Fundamental Matrix of A: X(t) = [z (¢), z2(t), - - -,z ()]

2t gt et e (- 3)
0 il elt gt (24— 3)
0 0 el 2te’

0 0 0 el

11



>
E-I‘

0
1]
1]
alt
1]
1]
1]
alt

1]
1]
0

Verification using Matrix Exponential: ™
et Eigenvalues and eigenvectors (E, )

—te't e (t—e' +1) —ef (3t —Ge' +2te’ +6)

e el (o' — 1) e! (2te' —3e' +3)
ﬂ E.;‘” Etp{r
0 0 E,;{r

e™: Inverse Laplace (E| )

—te?t e (t—e +1) —ef (3t —Ge'+2te’ +6)

e e’ (o' — 1) e’ (2te' —3e' +3)
0 e 2t
0 0 et

e Matlab (E,,)
—te?t e (t—e +1) —ef (3t —Ge'+2te" +6)

e e’ o' — 1) &' (2te' —3e' +3)
0 et 2ttt
0 0 'E"‘.“
0000
. _E ., OoOO0O . _
PmnFEx EL' 0000 PmnFEx E
G000
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(=l = = =]
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Eigenvalues and Eigenvectors (SUMMARY)

2-1 01
) 0211
Input Matrix A 0032
0003
2 1 A
Eigenvalues i Eigenvectors g :11
3 0 0

Eigenvalues (4) & Eigenvectors (2) = Matrix DEFECTIVE:
Generalized eigenvectors required!

1 0 -1 6
Generalized g ; 1 _g
eigenvectors (all)

o 1] 1] 1

Algebraic multiplicity (p) of the eigenvalue A = geometric multiplicity (m)
=+ Generalized Eigenvectors are solutions of | (A4 — AL )" v =10

A=Zip=2 m=1

A=3ip=2 m=1
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A-[1,2,0,1;0,1,0,1;0,0,2,2;0,0,0,1];gen_eigenvector_completef _simple(A)

Fundamental Matrix X

L 0, exp(t), 2*t*exp(t), trexp()*(t + 1)]

L 0, o, exp(t), t*exp ()]

[ exp(2*D), 0, 0, -2*exp()]

L o, 0, 0, exp()]
Matrix Exponential

[ exp(t), 2*t*exp(t), o, trexp()*(t + 1)]
[ 0, exp(t), o, trexp()]
L o, 0, exp(2*t), 2*exp(t)*(exp(t) - 1)]
L o, 0, 0, exp(D)]

Matrix Exponential directly from Matlab expm(A*t)

[ exp(t), 2*t*exp(t), o, trexp()*(t + 1)]
[ 0, exp(t), 0, trexp()]
L o, 0, exp(2*t), 2*exp(t)*(exp(t) - 1)]
L o, o, o, exp()]

Matrix Exponential using inverse Laplace

[ exp(t), 2*t*exp(t), 0, trexp()*(t + 1)]
[ 0, exp(t), 0, trexp()]
L o, 0, exp(2*t), 2*exp(t)*(exp(t) - 1)]
L o, o, o, exp(t)]

14



Eigenvalues, eigenvectors, generalized eigenvectors, fundamental matrix
and matrix exponential of a square matrix A of size [n x n]

= Matrix not defective
Eigenvalues/vectors: Ay, vy As, v o5 A, U
Solution set: ), = ﬂhtl-‘k._ k=121
= Matrix defective: An example with two distinct eigenvectors
Eigenvalues & distinct eigenvectors (two): A, v & Ao, vs
Eigenvalue (As, algebraic nultiplicity of m =n — 2, n = 3)
generalized eigenvectors: vg, vy, -- -, Uy
Solution set with distinet eigenvectors: ¢, = ve™t, k=1.2
Solution set with ecigenvalue Asg :
x; = [I, 4+ (A = ML) + -+ + [D(m)] ™ YA = A L) o

i=3---nm=n-—2

Mat
,iﬁ

= Fundamental Matrix of A: X(#) = [z(¢), z2(t), - -,z (t)]

X (#)[X 1(0)], eigenvectors /values
= Matrix Exponential ¢’ = { L7 '[(sI, — A)"']. inverse Laplace
expm(At), directly in Matlab

15



Eigenvalues and Eigenvectors

Input Matrix [A] Eigenvalues (A) Eigenvectors (v)
1 201 2 01
o101 1 0o
oo 2z 2 1 10
oo o1 1 0o

Eigenvalues (4) & Eigenvectors {2) = Matrix DEFECTIVE

Algebraic multiplicity (p) of the eigenvalue A = geometric multiplicity (m)
Generalized eigenvectors required!

Generalized elgenvectors are solutions of [ (A — AL ) v =10

Unique Algebraic Geometric Eigenvectors &

A mult. (p) mult. (m) Generalized eigenvectors
0 1 0 0
1 1 0o 0 1 0
1 3 1 L 00 2
0 0 0 1
A=2 Col. # 1: Eigenvector
A=1:p=13 Col. # 2, 3, 4: Generalized Eigenvectors

16



Fundamental Matrix X(t) of A

Fundamental Matrix of A: X(t) = [z (¢), z2(t), - - -,z ()]

0 e Z2te te' (t+1)

n 0 e’ e
et o 1] —2¢
o o 1] e’

17



Verification using Matrix Exponential: ™
et Eigenvalues and eigenvectors (E

2te’ 0 te (t+1)

%)

e 0 te'
0 e 2ef (e —1)
0 0 o

e™: Inverse Laplace (E| )

2te’ 0 te' (t+1)

e 0 te'
0 e 2ef (¢ - 1)
0 0 o

e Matlab (E,,)
2te’ 0 te' (t+1)

o 0 e
0 e 2ef (e —1)
1] 0 el
0000
. B , 0000 . B
FrooF: Ex EL * 0000 ProoF: Ex E
0000
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(=l = = =]
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(== = =]
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Eigenvalues and Eigenvectors (SUMMARY)

Input Matrix A

Eigenvalues

Eigenvalues (4) & Eigenvectors (2)

Eigenvectors &
Generalized
eigenvectors

b b b R

0
0
1

0

oo Q=
=

Eigenvectors

oMo o

R G

= O O

0

oo =

= Matrix DEFECTIVE:

Generalized eigenvectors required!

[

0

0 0
1 0
0 =2
0 1

Algebraic multiplicity {p) of the eigenvalue A = geometric multiplicity {m)
= (Generalized Eigenvectors are solutions of

A=2
A=1:p=3

19

(A=A v =0
Col. # 1: Eigenvector
Col. # 2, 3, 4: Generalized Eigenvectors



A=[0 1 0 0;0 01 0;0 00 1;-1 0 -2 0];gen_eigenvector_completef _simple(A)

Fundamental Matrix X

[ - 3*cos(t) - t*sin(t), 3*sin(t) - t*cos(t), 2*sin(t) -
[ 2*sin(t) - t*cos(t), 2*cos(t) + t*sin(t), cos(t) +
L cos(t) + t*sin(t), t*cos(t) - sin(b),

L t*cos(t), -t*sin(t), cos(t) -
Matrix Exponential

L cos(t) + (t*sin(t))/2, (3*sin(t))/2 - (t*cos(t))/2,
- (t*cos(1))/2]

[ (t*cos(t))/2 - sin(t)/2, cos(t) + (t*sin(t))/2,
(t*sin(t))/2]

L -(t*sin(t))/2, (t*cos(t))/2 - sin(t)/2,

+ (t*cos(1))/2]
[ - sin(t)/2 - (t*cos(t))/2,
- (t*sin(1t))/2]

Matrix Exponential directly from Matlab expm(A*t)

L cos(t) + (t*sin(t))/2, (3*sin(t))/2 - (t*cos(t))/2,
- (t*cos(1))/2]

[ (t*cos(t))/2 - sin(t)/2, cos(t) + (t*sin(t))/2,
(t*sin(t))/2]

[ -(t*sin(t))”/2, (t*cos(t))/2 - sin(t)/2,

+ (t*cos(t))/2]

[ - sin(t)/2 - (t*cos(t))/2, -(t*sin(t))/2,
- (t*sin(t))/2]

Matrix Exponential using inverse Laplace

L cos(t) + (t*sin(t))/2, (3*sin(t))/2 - (t*cos(t))/2,
- (t*cos(1t))/2]

L (t*cos(t))/2 - sin(t)/2, cos(t) + (t*sin(t))/2,
(t*sin(t))/2]

L -(t*sin(t))/2, (t*cos(t))/2 - sin(t)/2,

+ (t*cos(t))/2]
[ - sin(t)/2 - (t*cos(t))/2,
- (t*sin(t))/2]

20

~(t*sin(1))/2,

—(t*sin(t))/2,

t*cos(t),
t*sin(t),
t*cos(t),
t*sin(t),

sin(t)/2

cos(t)

- (3*sin(t))/2

sin(t)/2

cos(t)

- (3*sin(t))/2

sin(t)/2

cos(t)

- (3*sin(t))/2

2*cos(t) + t*sin(t)]
t*cos(t) - sin(b)]

-t*sin(t)]

- sin(t) - t*cos(v)]

(t*sin(t))/2,

(t*cos(t))/2,

(t*sin(t))/2,

(t*cos(t))/2,

(t*sin(t))/2,

(t*cos(t))/2,

(t*sin(t))/2,

(t*cos(t))/2,

(t*sin(t))/2,

(t*cos(t))/2,

(t*sin(t))/2,

(t*cos(t))/2,

sin(t)/2

sin(t)/2

cos(t)

sin(t)/2

sin(t)/2

cos(t)

sin(t)/2

sin(t)/2

cos(t)



Eigenvalues, eigenvectors, generalized eigenvectors, fundamental matrix
and matrix exponential of a square matrix A of size [n x n]

= Matrix not defective
Eigenvalues/vectors: Ay, vy As, v o5 A, U
Solution set: ), = ﬂhtl-‘k._ k=121
= Matrix defective: An example with two distinct eigenvectors
Eigenvalues & distinct eigenvectors (two): A, v & Ao, vs
Eigenvalue (As, algebraic nultiplicity of m =n — 2, n = 3)
generalized eigenvectors: vg, vy, -- -, Uy
Solution set with distinet eigenvectors: ¢, = ve™t, k=1.2
Solution set with ecigenvalue Asg :
x; = [I, 4+ (A = ML) + -+ + [D(m)] ™ YA = A L) o

i=3---nm=n-—2

Mat
,iﬁ

= Fundamental Matrix of A: X(#) = [z(¢), z2(t), - -,z (t)]

X (#)[X 1(0)], eigenvectors /values
= Matrix Exponential ¢’ = { L7 '[(sI, — A)"']. inverse Laplace
expm(At), directly in Matlab
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Eigenvalues and Eigenvectors

Input Matrix [A] Eigenvalues (A) Eigenvectors (v)
—-i i

o1 o 0 —i

oo 1 0 —i -1 -1
oo o i i =i

-1 0 =20 i 1 1

(S ]

Eigenvalues (4) & Eigenvectors {2) = Matrix DEFECTIVE

Algebraic multiplicity (p) of the eigenvalue A = geometric multiplicity (m)
Generalized eigenvectors required!

Generalized elgenvectors are solutions of [ (A — AL ) v =10
Unique Algebraic Geometric Generalized eigenvectors (all)
A mult. {p) mult. {m)
3 21 3 21
0-1i 9 1 2i 1 21 1
0+ 2 1 10 1 0
] 0 1

Complex Equal Pairs: p= 2

22



Fundamental Matrix X(t) of A

Fundamental Matrix of A: X(t) = [z (¢), z2(t), - - -,z ()]

—3cos(t) —tsin(t) 3sin(f) —1F cos(t) 2s=in(t) —F cos(t) 2 cos(t) + f sin(t)
2ain(t) —t cosl(t) 2 cos(t)+ fsin()  cos(t) + f sini) teos(t) — sin(t)
cosit) + 1 sin(f) teos(t) — sin(f) tcos(t) —t &in(t)
t eos(t) —t sinit) cosit) — tsin(f)  —sin(t) — ¢ cos(t)
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Verification using Matrix Exponential: ™

At Eigenvalues and eigenvectors (E, )
Ccﬁ(t} + I-—su:{tl 3:—5%:{{] . ti:-:;{tll I:—siZl!t'I %LI . :.;;.;;_“]
foos(f] =i tl Cﬂﬁ(t}+ f sint) Einf) + t wos(f) f=int)
2_te-si|:{t]2 feodt) . Hil%f:l Ccﬂz{t} IEH:{II -su:{tl _Etv:-::-e{tl

__ it} _2 f cosl(t) E_IHiI:{I:IE _dsinr) I-:xx-:{l!_l Cﬂﬁ{t} I!-su:{tl
2 2 2 N I
e™: Inverse Laplace (E| )

'CCE{t} + t-—su:{tl 3:—:!;}] . Ii:g{t'l t:—sizllt'l '%'_LI . Il::-';2 t)

I« E!I _ EiT !I mﬁ(t}-'— I:—sil!!'l i) + !ixﬂ!'l f =i f)
2_:5i|:{::|2 feodt] !iil%f:l Ci:é{t} IEII:{“ st _Eh:-::-e{t]
st Eti:-::e-{t:l : f!iil:{::lz ':|--su:{!I Iixx{f_l Et Eziﬂ{!:l

- - - -7 oos{t) - ——

At
 Matlab (E, )

CCﬁ(t} + I-—su:{tl 352‘1:{] . t::-:;{t'l Ie—s;!t'l -%’_LI . t::-izx_it'l
ixﬂtl ﬂ.& mﬁ(t} + t:—sillt'l st ) + tixﬂﬁ f sinf)
E_IHiI:{f:IE feodt] Hil%f:l Ci:l'.;iz{t} . tEiu{t] -m:{tl _Et-:-::-e{tl
st : t cost) : f!iil:{f:lz 3 sint) IFxr—.{E] n I!-su:{tl

- 3 - - -3 005{ )=

000D
. 0000 .
ProoF: E, -E = 0000 ProoF: E, -E, =
0000
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(=0 = = =]
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[=I =1 < =]



Eigenvalues and Eigenvectors (SUMMARY)

0100

) 0010

Input Matrix A 000 1

-1 0-20
0-1i 0-1i 0+1i
0-1i -1+0i -1+0i

Ei I Ei ecto

igenvalues 0+1i igeny rs 0+11 O-di
0+1i 1+01 1+0i

Eigenvalues (4) & Eigenvectors (2) = Matrix DEFECTIVE:
Generalized eigenvectors required!

-3+0i 0+2i -3+0i -2

Generalized 3:? ;: g' 31?:: a: gl
eigenvectors (all) ' I I I
O+ 1+0i 0-+0i 1+0i

Algebraic multiplicity (p) of the eigenvalue A = geometric multiplicity (m)
=+ Generalized Eigenvectors are solutions of | (A4 — AL )" v =10

Complex Equal Pairs: p= 2
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A=[-1 -4 00; 1300; 1210;010 1];gen_eigenvector_completef_simple(A)

Fundamental Matrix X

[ -exp(D)*(2*t - 1), -4*t*exp(L), o, 0]l
L trexp(t), exp(D)*(2*t + 1), 0, 0]l
L trexp(t), 2*t*exp(t), exp(t), 0]
L (" 2*exp(t))/2, trexp(D)*(t + 1), 0, exp(B)]

Matrix Exponential

[ -exp()*(2*t - 1), -4*t*exp(t), 0, 0]
L t*exp(t), exp()*(2*t + 1), 0, 0]
L t*exp(t), 2*t*exp(t), exp(t), 0]
L (" 2*exp(t))/2, trexp()*(t + 1), 0, exp(t)]

Only a single value, Algebraic multiplicity = number of columns of A

X(0) = must be an identity matrix
[ 1, 0, 0, O]
[0, 1, 0, O]
[0, 0, 1, 0]
[ 0, 0, 0, 1]

[0.0,0,0]
[0, 0,0,0]
[0.0,0,0]
[0, 0,0,0]

Matrix Exponential directly from Matlab expm(A*t)

[ -exp(t)*(2*t - 1), -4*t*exp(t), 0, 0]
L tr*exp(t), exp()*(2*t + 1), o, 0]
L t*exp(t), 2*t*exp(t), exp(t), 0]
L (" 2*exp(t))/2, t*exp()*(t + 1), 0, exp(t)]

Matrix Exponential using inverse Laplace

[ -exp()*(2*t - 1), -4*t*exp(1), o, 0]
L trexp(t), exp()*(2*t + 1), o, 0]
L t*exp(t), 2*t*exp(t), exp(t), 0]
L (" 2*exp(1))/2, trexp()*(t + 1), 0, exp(B)]
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Eigenvalues, eigenvectors, generalized eigenvectors, fundamental matrix
and matrix exponential of a square matrix A of size [n x n]

= Matrix not defective
Eigenvalues/vectors: Ay, vy As, v o5 A, U
Solution set: ), = ﬂhtl-‘k._ k=121
= Matrix defective: An example with two distinct eigenvectors
Eigenvalues & distinct eigenvectors (two): A, v & Ao, vs
Eigenvalue (As, algebraic nultiplicity of m =n — 2, n = 3)
generalized eigenvectors: vg, vy, -- -, Uy
Solution set with distinet eigenvectors: ¢, = ve™t, k=1.2
Solution set with ecigenvalue Asg :
x; = [I, 4+ (A = ML) + -+ + [D(m)] ™ YA = A L) o

i=3---nm=n-—2

Mat
,iﬁ

= Fundamental Matrix of A: X(#) = [z(¢), z2(t), - -,z (t)]

X (#)[X 1(0)], eigenvectors /values
= Matrix Exponential ¢’ = { L7 '[(sI, — A)"']. inverse Laplace
expm(At), directly in Matlab
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Input Matrix [A]

-1 —4
1 3
1 2
] 1

—_— = =

Eigenvalues and Eigenvectors

Eigenvalues (A) Eigenvectors (v)
0 1 0o
) 1 0o
) 1 10
1 01

Eigenvalues (4) & Eigenvectors {2) = Matrix DEFECTIVE
Algebraic multiplicity {p) of the eigenvalue A = geometric multiplicity (m)

Generalized eigenvectors required!

Generalized elgenvectors are solutions of [ (A — AL ) v =10

Unigque Algebraic

A

mult. {p)

A=1:p=4

Geometric Generalized eigenvectors (all)
mult. {m)

1 0 0 0

0 1 0 0
2 00 10

0 0 0 1

Algebraic multiplicity = Mo. of columns of A: X(0) = IJ4

Fundamental Matrix = Matrix Exponential
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Fundamental Matrix X(t) of A

Fundamental Matrix of A: X(t) = [z (¢), z2(t), - - -,z ()]
Algebraic multiplicity = number of columns of A: X(0) = I‘fl
Fundamental Matrix = Matrix Exponential

f(2t—1)  —4tel 0 0O
e e (2t+1) 0 0
te' 2te e
£e te' (t+1) 0 ¢
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Verification using Matrix Exponential: ™
et Eigenvalues and eigenvectors (E, ), p=n, X{0) = I,= X{t)= et

—e' (21— 1) —4ite 0 0
te' e (2t+1) 0 0
te' 2te e 0
i) te' (t+1) 0 &
e™: Inverse Laplace (E| )
—e' (21— 1) —4ie 0 0
te' e (2t+1) 0 0
te' 2té e 0
r-_;f tef (t+1) 0 &

e Matlab (E,,)

—e' (21— 1) —4te 0 0
te' e (2t+1) 0 0
el 2te e 0
it tef (t+1) 0 &
0000 0000
ProoF: X(-Ex= 5400 0000 .
- 0000 FrooF EX'EL" 0000 F’rmF.EX-EM:-
p=n b oo b oo
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(=l = = =]
(=0 = = =]
(== = =]
[=I =1 < =]



Eigenvalues and Eigenvectors (SUMMARY)

-1-4 00
) 1300
Input Matrix A 1210
0101
1 0 0
Eigenvalues :: Eigenvectors 3 g
1 0 1

Eigenvalues (4) & Eigenvectors (2) = Matrix DEFECTIVE:
Generalized eigenvectors required!

1 0 ] 0
Generalized g ; 3 g
eigenvectors (all)

o 1] ] 1

Algebraic multiplicity (p) of the eigenvalue A = geometric multiplicity (m)
=+ Generalized Eigenvectors are solutions of | (A4 — AL )" v =10

A=1:p=4
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A=[1,0,0,0;0,1,0,0;1,4,-3,0;-1,-2,0,-3];gen_eigenvector_completef_simple(A)

Fundamental Matrix X

L o, 0, -4*exp(t), -8*exp(t)]

L o, 0, 2%exp(t), 2*exp(B)]

[ exp(-3*D), 0, exp(t), 0]

L 0, exp(-3*D), o, exp(t)]

Matrix Exponential

L exp(t), o, 0, 0]
[ 0, exp(t), 0, 0]
[ exp(t)/4 - exp(-3*t)/4, exp(t) - exp(-3*t), exp(-3*t), 0]
[ exp(-3*t)/4 - exp(t)/4, exp(-3*t)/2 - exp(t)/2, 0, exp(-3*t)]

Matrix Exponential directly from Matlab expm(A*t)

L exp(t), o, o, 0]
L 0, exp(t), o, 0]
[ exp(t)/4 - exp(-3*t)/4, exp(t) - exp(-3*t), exp(-3*t), 0]
[ exp(-3*t)/4 - exp(t)/4, exp(-3*t)/2 - exp(t)/2, 0, exp(-3*t)]

Matrix Exponential using inverse Laplace

L exp(t), o, o, 0]
L o, exp(t), o, 0]
[ exp(t)/4 - exp(-3*t)/4, exp(t) - exp(-3*t), exp(-3*t), 0]
[ exp(-3*t)/4 - exp(t)/4, exp(-3*t)/2 - exp(t)/2, 0, exp(-3*t)]
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Eigenvalues, eigenvectors, generalized eigenvectors, fundamental matrix
and matrix exponential of a square matrix A of size [n x n]

= Matrix not defective
Eigenvalues/vectors: Ay, vy As, v o5 A, U
Solution set: ), = ﬂhtl-‘k._ k=121
= Matrix defective: An example with two distinct eigenvectors
Eigenvalues & distinct eigenvectors (two): A, v & Ao, vs
Eigenvalue (As, algebraic nultiplicity of m =n — 2, n = 3)
generalized eigenvectors: vg, vy, -- -, Uy
Solution set with distinet eigenvectors: ¢, = ve™t, k=1.2
Solution set with ecigenvalue Asg :
x; = [I, 4+ (A = ML) + -+ + [D(m)] ™ YA = A L) o

i=3---nm=n-—2

Mat
,iﬁ

= Fundamental Matrix of A: X(#) = [z(¢), z2(t), - -,z (t)]

X (#)[X 1(0)], eigenvectors /values
= Matrix Exponential ¢’ = { L7 '[(sI, — A)"']. inverse Laplace
expm(At), directly in Matlab
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Eigenvalues and Eigenvectors

Input Matrix [A] Eigenvalues (A) Eigenvectors (v)
1 0 ] [ —3 n o —4 -8

0 1 ] [ —3 n o 2 2

1 4 =3 0 1 10 1 0

-1 -2 0 -3 1 01 0 1

Eigenvalues (4) & Eigenvectors (4):  Matrix NOT defective

34



Fundamental Matrix X(t) of A

Fundamental Matrix of A: X(t) = [z (¢), z2(t), - - -,z ()]

1] 1] -4t —Re
1] 1] 2 2¢
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Verification using Matrix Exponential: ™
et Eigenvalues and eigenvectors (E

al 0
0 e
’ 1] o
-e.T . 1.1 'E,I' — g 3t
@ e _ i @ e . i
1 1 2 2

e™: Inverse Laplace (E| )

el 0
0 e
A L 1
-e.T e J P 3t
L4 3t 1!" L5 s !'II
I a1 2 x
e Matlab (E,,)
el 0
0 e
A L £
! ad J,.' © a © £
L L L3 [
) T3

0 0
0 0
E—.‘{r 0
0 E,—.".r
0 0
0 0
E,—.'{r 0
Iy E—;{r
0 0
0 0
E—;{r 0
0 E—.‘lr
FProoF: Ex -E

%)
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(=l = = =
(=l = = =
(=l =y = =]
[l = =

ProoF: Ex -E

(=l = = =]
(=0 = = =]
(== = =]
[=I =1 < =]



Eigenvalues and Eigenvectors (SUMMARY)

Input Matrix A

-3

Eigenvalues

1

Eigenvalues (4) & Eigenvectors (4):

Published with MATLAB® R2016a

R o Y

0
1
4

1-2

Eigenvectors

o WO o

0
0
1
0

o [

Cad
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=0 0 0

4 -8
2 2
1 0
0 1

Matrix NOT defective
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